In this paper, we study self-dual codes over the ring Z 2k of the integers modulo 2k with relationships to even unimodular lattices, modular forms, and invariant rings of This work was supported in part by a grant from the Japan Society for the Promotion of Science. 1 nite groups. We introduce Type II codes over Z 2k which are closely related to even unimodular lattices, as a remarkable class of self-dual codes and a generalization of binary Type II codes. A construction of even unimodular lattices is given using Type II codes. Several examples of Type II codes are given, in particular the rst extremal Type II code over Z 6 of length 24 is constructed, which gives a new construction of the Leech lattice. The complete and symmetrized weight enumerators in genus g of codes over Z 2k are introduced, and the MacWilliams identities for these weight enumerators are given. We investigate the groups which x these weight enumerators of Type II codes over Z 2k and we give the Molien series of the invariant rings of the groups for small cases. We show that modular forms are constructed from complete and symmetrized weight enumerators of Type II codes. Shadow codes over Z 2k are also introduced.
Introduction
Recently there has been interest in self-dual codes over nite rings, especially, the ring Z 4 of integers modulo 4. The best known nonlinear binary codes such as the Nordstrom-Robinson, Kerdock, Preparata, Goethals and Delsarte-Goethals codes contain more codewords than any known linear codes with the same minimum distance. A simple relationship between these nonlinear binary codes and self-dual codes over Z 4 was discovered by Hammons, Kumar, Calderbank, Sloane and Sol e 14]. Moreover, similarly to binary self-dual codes it was shown that self-dual codes over Z 4 are closely related to unimodular lattices via Construction A 4 2], in particular, any extremal Type II code of length 24 gives an alternative construction of the Leech lattice. The notion of Type II codes over Z 4 was introduced in 3]. More recently as simple generalizations, cyclic self-dual codes over Z 2 m , especially the lifted Hamming and Golay codes have been investigated in 4] and Type II codes over Z 2 m have been studied in 9] . It is natural to consider the ring Z 2 m for cyclic codes since the Hensel lift plays an important role, however there is no need to restrict the order of rings when considering an application to unimodular lattices. The Chinese remainder theorem is a useful tool to investigate codes over Z k 11] .
In this paper, we study self-dual codes over Z 2k . In Section 2, we give de nitions and some basic facts. We also introduce Type II codes over Z 2k as a remarkable class of self-dual codes then we show such codes are closely related to even unimodular lattices in Section 3. This relationship provides a number of properties of Type II codes. In Section 4, several examples of extremal self-dual codes are constructed giving construction methods. For example, the rst extremal Type II code over Z 6 of length 24 is constructed, which gives a new construction of the Leech lattice. Section 5 introduces the complete and symmetrized weight enumerators in genus g of codes over Z 2k . The MacWilliams identities for those weight enumerators are provided. We also investigate the groups which x weight enumerators of Type II codes over Z 2k . Section 6 investigates shadow codes of Type I codes over Z 2k . In Section 7, modular forms are constructed from weight enumerators of Type II codes. In Section 8, we give the Molien series for the invariant rings corresponding to the complete and symmetrized weight enumerators in genus g of Type II codes over Z 2k for small k and g.
De nitions and Basic Facts
In this section, we rst give the de nitions used throughout this paper. Then we introduce Type II codes. Some basic properties of the Euclidean weight are also given.
A linear code C of length n over Z 2k is an additive subgroup of Z n 2k . A nonlinear code C of length n is simply a subset of Z n 2k . In this paper, we consider only linear codes. An element of C is called a codeword of C. A generator matrix of C is a matrix whose rows generate C. The Hamming weight wt H (x) of a vector x in Z n 2k is the number of non-zero components. The Euclidean weight wt E (x) of a vector x = (x 1 ; x 2 ; . . . ; x n ) is P n i=1 minfx 2 i ; (2k ? x i ) 2 g. The Lee weight wt L (x) of a vector x is P n i=1 minfjx i j; j2k ? x i jg. We de ne the inner product of x and y in Z n 2k by < x; y >= x 1 y 1 + +x n y n (mod 2k) where x = (x 1 ; . . . ; x n ) and y = (y 1 ; . . . ; y n ). The dual code C ? of C is de ned as C ? = fx 2 Z n 2k j < x; y >= 0 for all y 2 Cg. C is self-orthogonal if C C ? and C is self-dual if C = C ? . We de ne a Type II code over Z 2k as a self-dual code with Euclidean weights divisible by 4k. For k = 1, this is the standard de nition of binary Type II codes. For k = 2, the original de nition given in 3] requires that the code contains the all-one vector as well, however recently it has been shown in 16] that such a Type II code in terms of 3] is equivalent to a Type II code by our de nition. Self-dual codes which are not Type II are said to be Type I.
For some applications, there is often no need to distinguish between +1 and ?1 components of codewords, and we say that two codes are equivalent if one can be obtained from the other by permuting the coordinates and (if necessary) changing the signs of certain coordinates. Codes di ering by only a permutation of coordinates are called permutationequivalent.
The complete weight enumerator (cwe for short) of a code C over Z 2k is de ned as cwe C (x 0 ; x 1 ; . . . ; x 2k?1 ) = X Let fq 1 ; q 2 ; . . . ; q r g be the set of integers less than 2k that divide 2k, and arranged so that q i < q j for i < j. Note 1 C C C C C C C C C C C A ; (1) where A i;j are binary matrices for i > 1. A code of this form is said to be of rank fq 1 k 1 ; q 2 k 2 ; q 3 k 3 ; . . . ; q r kr g and it has Q r j=1 ( s q j ) k j codewords. We now give basic properties of Euclidean weights over Z 2k .
Lemma 2.1 Let x be a vector in Z n 2k . Then wt E (x) < x; x > (mod 4k).
Proof. Follows from the de nition of the Euclidean weight.
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Lemma 2.2 Let M be a generator matrix of a code C. Suppose that the rows of M are vectors in Z n 2k with Euclidean weight a multiple of 4k with any two rows orthogonal. Then C is a self-orthogonal code with all Euclidean weights a multiple of 4k.
Proof. Let r i be the i-th row of M. By Lemma 2.1, wt E (x + y) wt E (x) + wt E (y) + 2 < x; y > (mod 4k): (2) This shows the lemma.
By the above lemma, it is su cient to obtain the Euclidean weights of all the rows in a generator matrix of a code C when we check if C is Type II.
We now introduce the notion of shadows for Type I codes over Z 2k . We rst de ne a speci c coset of a Type I code C over Z 2k in order to de ne the shadows. The 4k-weight subcode C 0 of a Type I code C is the set of codewords of C of Euclidean weights divisible by 4k. Lemma 2.3 The subcode C 0 is a linear subcode of index 2 in C:
Proof. By (2), the sum of two codewords in C 0 is in C 0 . Every vector in C has a Euclidean weight divisible by 2k: By (2) we see that C 2 = C ? C 0 is of the form x + C 0 where x is any codeword of C of Euclidean weight congruent to 2k (mod 4k) and that translation by x is a one to one map from C 0 onto C 2 Proof. An even unimodular lattice of dimension n can be constructed from C by Theo- 
The above Type II codes of length 8 give di erent constructions for the Gosset lattice E 8 which is the unique 8-dimensional even unimodular lattice.
We now investigate the minimum Euclidean weight of Type II codes over Z 2k . The minimum norm of an n-dimensional even unimodular lattice is bounded by 
Proof. Suppose that there exists a Type II code C with minimum Euclidean weight
. The minimum norm of the even unimodular lattice (C) constructed from C is minf2k; 2b n 3 c+4g. From the assumption, = 2b n 3 c+4, which is a contradiction. 2 Remark. When k = 1 and 2, the above bound (3) Remark. It is natural to de ne the Euclidean weights of the elements 0; 1; 2; 3; ; (k? 1); k of Z 2k+1 as 0; 1; 4; 9; , (k ? 1) 2 , k 2 , respectively. If C is a self-dual code over Z 2k+1 then the lattice (C) in Theorem 3.1 is a unimodular lattice. However even if C is a self-dual code with all vectors having Euclidean weight a multiple of 4k + 2, then (C) is not always even. For example, the Euclidean weight of a vector (1123) over Z 5 is 10 but the norm is 15. Moreover, the sum of two even vectors in Z 2k+1 is not necessarily an even vector, for example the sum of (112) and itself in Z 3 is (221) which is not even. Thus in this paper we consider Type II codes over Z k for only even numbers k. Thus G 24 6 is an extremal Type II code of length 24 over Z 6 . Applying Theorem 3.1 to G 24 6 , the Leech lattice is constructed.
Recently some new 5-designs have been constructed from the lifted Golay code over Z 4 (cf. 15]). In addition, any extremal Type II code of length 24 with the same symmetrized weight enumerator as the lifted Golay code contains 5-designs (cf. 1]). G 24 6 (mod 2) is the binary Golay code and G 24 6 (mod 3) is an extremal ternary self-dual code. Thus the four sets of the codewords corresponding to 759a 16 
Weight Enumerators, MacWilliams Identities and Invariants
In this section, we introduce several types of weight enumerators of codes over Z 2k . For these weight enumerators, we establish the MacWilliams identities and study invariants. From now on R denotes the ring Z 2k . Remark. For the case g = 1, these weight enumerators are the same as ordinary symmetrized weight enumerators de ned in Section 2.
Weight Enumerators and MacWilliams Identities
From now on, we often write complete and symmetrized weight enumerators in genus g by C C;g (z a ); S C;g (z a ), respectively, for simplicity.
We have the MacWilliams identity for the complete weight enumerators. Here we consider that an n by n matrix M acts on the polynomial ring C x 1 ; x 
Invariant Rings
In this subsection, we study the invariance properties of complete and symmetrized weight enumerators.
We de ne a subgroup G 8 g;k of GL( (2k) Similarly to complete weight enumerators, we have the following MacWilliams identity for symmetrized weight enumerators in genus g. In concluding this subsection, we would like to emphasize that the groups G g;k , as well the groups H g;k , G 8 g;k and H 8 g;k , are all nite groups. This is explained as follows. Here we assume that the reader is familiar with some of the basic concepts of theta functions, such as given in Runge 24] .
The group H g;k =< T g ; D S j S runs over all integral symmetric matrices > acts linearly on the space spanned by the theta constants f (k) a of index k, where
Note that here k 2 N ; a 2 (Z 2k ) g :
It is known that the group H g;k = ( 1) 
it is again proved that ?(4k) is in the kernel of the theta representation, see e.g., Runge 24] Although we will not discuss the details here, it is possible to determine the orders and the structures of the groups G g;k , H g;k , G 8 g;k and H 8 g;k more explicitly, by using the known explicit determinations of the kernels of the theta representations theta;k : ? g ?! Aut(T H (k) g;(2) ) given in Runge 24] .
We give in Table 1 We rst prove that the complete (resp. symmetrized) weight enumerator of the shadow of a Type I code C over Z 2k is uniquely determined from the complete (resp. symmetrized) weight enumerator of C. Proof. Let c = (c 1 ; c 2 ; . . . ; c n ) be a codeword in C then
Since C is self-dual, c has Euclidean weight 0 (mod 2k). Since wt E (c) P n i=1 i 2 n i (c)
if wt E (c) 0 (mod 4k): This proves the lemma. The swe is computed from the cwe. Proof. Similar to that of Theorem 5.1.
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We give relationships between a Type I code and its shadow using the weight enumerators.
Given the complete joint weight enumerator for J C;C we can nd J C;C 0 , J C 0 ;C , and J C 0 ;C 0 .
Proposition 6.4 Let C be a Type I code over R and let C 0 be the 4k-weight subcode of C. Proof. We compute J C;C 0 , J C 0 ;C and J C 0 ;C 0 by the above theorem, apply the MacWilliams identity and then compute the desired weight enumerators from these weight enumerators. 2 Lemma 6.1, Theorem 6.2, Propositions 6.4 and 6.5 determine complete, symmetrized and joint weight enumerators for C 0 and S from ones of C. For the code to exist all of these weight enumerators must have non-negative integral coe cients. Our results seem to be useful for proving the non-existence of a certain Type I code over Z 2k . In fact, for the case k = 1 the non-existence of some Type I codes with high minimum weight was proved in 6] using their shadows.
Construction of Siegel Modular Forms
We rst recall the notations of theta functions (for more detail, e.g. 
Moreover, the theta functions for a lattice L are de ned by Theorem 7.1 Let C be a Type II code of length n over R and let (C) be the even unimodular lattice constructed from C by Theorem 3.1. Then
a ( )) = (C);g ( ) and these functions give Siegel modular forms of weight n=2 for ? g .
Molien Series for Small Cases
The weight enumerator of a self-dual code belongs to the ring of polynomials xed by the group of substitutions. In this section, we give the Molien series for the invariant rings of the groups of small k and g.
First, let us recall the general invariant theory of nite groups. Let G be a nite subgroup of GL(n; C ). Then G acts on the polynomial ring C x 1 ; . . . ; 
